
Pr̊uběh funkce - řešené př́ıklady Jan Holešovský

Pr̊uběh funkce - řešené př́ıklady

A. Vyšetřete pr̊uběh funkce f(x) = x ln2 x

1. definičńı obor: D(f) = (0,∞)

2. nulové body: f(x) = 0⇔ x ln2 x = 0⇔ x = 1 (řešeńı x = 0 6∈ D(f))

3. znaménka funkce:

0 1

f(2) = 2 · (ln 2)2 > 0
f(12) =

1
2 · (ln 1

2)
2 > 0

4. stacionárńı body, rostoućı/klesaj́ıćı:

f ′(x) = ln2 x + x · 2 lnx · 1

x
= lnx(lnx + 2)

D(f ′) = (0,∞)
f ′(x) = 0⇔ lnx = 0 nebo lnx = 2⇔ x = 1 nebo x = e−2

⇒ stacionárńı body jsou x = 1, x = e−2

0 1

f ′(e) = 1 · (1 + 2) > 0
f ′(e−1) = −1 · (−1+2) < 0
f ′(e−2) = −3 · (−3+2) > 0e−2

5. konvexńı/konkávńı, inflexńı body:

f ′′(x) =
1

x
(lnx + 2) + lnx · 1

x
=

2

x
(1 + lnx)

D(f ′′) = (0,∞)
f ′′(x) = 0⇔ 1 + lnx = 0⇔ x = e−1

0 e−1

f ′′(1) = 2 · (1 + 0) > 0
f ′′(e−2) = 2

e−2 (1− 2) < 0

Inflexńı bod je x = e−1.

Typy extrémů můžeme ověřit pomoćı dosazeńı stacionárńıch bod̊u:
f ′′(1) > 0⇒ x = 1 je lokálńı minimum,
f ′′(e−2) < 0⇒ x = e−2 je lokálńı maximum.
Dopoč́ıtáńım funkčńıch hodnot máme lokálńı minimum v bodě [1, 0] a lokálńı maximum v bodě
[e−2, 4e−2].

1
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6. asymptoty bez směrnice: Hledáme v bodě x = 0 a vzhledem k D(f) poč́ıtáme jen

lim
x→0+

f(x) = lim
x→0+

x ln2 x = |0 · ∞| = lim
x→0+

ln2 x
1
x

=
∣∣∣∞∞ ∣∣∣ = lim

x→0+

2 1
x lnx
−1
x2

= lim
x→0+

2 lnx
−1
x

=

=

∣∣∣∣−∞−∞
∣∣∣∣ = lim

x→0+

−2
x
−1
x2

= lim
x→0+

2x = 0⇒ x = 0 neńı asymptota.

7. asymptoty se směrnićı: Hledáme asymptotu y = kx+q vzhledem k D(f) jen pro x→∞.

k = lim
x→∞

f(x)

x
= lim

x→∞
ln2 x =∞⇒ asymptota se směrnićı žádná neńı.

8. náčrt funkce:

0 e−1e−2 1

4e−2
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B. Vyšetřete pr̊uběh funkce∗ f(x) = 3
√

(x2 − 1)2

1. definičńı obor: D(f) = R

2. nulové body: f(x) = 0⇔ (x2 − 1)2 = 0⇔ x2 − 1 = 0⇔ x = ±1

3. znaménka funkce:

-1 1

f(2) = 3
√
9 > 0

f(0) = 3
√
1 > 0

f(−2) = 3
√
9 > 0

4. stacionárńı body, rostoućı/klesaj́ıćı: f(x) = (x2 − 1)2/3

f ′(x) =
2

3
(x2 − 1)−

1
3 · 2x =

4x

3 3
√
x2 − 1

.

D(f ′) = R− {−1, 1}
f ′(x) = 0⇔ 4x = 0⇔ x = 0
⇒ stacionárńı bod je x = 0

-1 1

f ′(2) = +/+ > 0
f ′(1/2) = +/− < 0
f ′(−1/2) = −/− > 0
f ′(−2) = −/+ < 00

5. konvexńı/konkávńı, inflexńı body:

f ′′(x) =
4

3
· 1 · 3
√
x2 − 1− x · 13(x2 − 1)−2/3 · 2x

(x2 − 1)2/3
=

4

3
· (x2 − 1)−2/3

[
(x2 − 1)− 2

3x
2
]

(x2 − 1)2/3
=

=
4

3
·

1
3x

2 − 1

(x2 − 1)4/3

D(f ′′) = R = {−1, 1}
f ′′(x) = 0⇔ 1

3x
2 − 1 = 0⇔ x2 = 3⇔ x = ±

√
3.

1
√
3

f ′′(3) = +/+ > 0
f ′′(
√
2) = −/+ < 0

f ′′(0) = −/+ < 0
f ′′(−

√
2) = −/+ < 0

f ′′(−3) = +/+ > 0
-1−

√
3

Inflexńı body jsou x = ±
√

3.

Typy extrémů můžeme ověřit pomoćı dosazeńı stacionárńıch bod̊u:
f ′′(0) < 0⇒ x = 1 je lokálńı maximum. Dopoč́ıtáńım funkčńıch hodnot máme lokálńı maximum
v bodě [0, 1].

POZOR! Protože body x = ±1 ∈ D(f), ale x = ±1 6∈ D(f ′), je nutné je vyšetřit zvlášt’ (nelze
pomoćı derivace, jedná se o tzv. hroty). Nejjednodušš́ı zp̊usob je dle obrázku pro rostoućı a
klesaj́ıćı - zde je vidět, že v obou bodech jsou lokálńı minima o souřadnićıch [−1, 0], [1, 0].
Jiná situace by nastala, pokud by body ±1 6∈ D(f).
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6. asymptoty bez směrnice: Protože D(f) = R, je zřejmé, že asymptoty bez směrnice
neexistuj́ı.

7. asymptoty se směrnićı: Hledáme asymptoty y = kix + qi, i = 1, 2 Pro x→∞

k1 = lim
x→∞

f(x)

x
= lim

x→∞

(x2 − 1)2/3

x
=

=
∣∣∣∞∞ , ale zde vyhrává vyšš́ı mocnina (nahoře je nejvyšš́ı x4/3)

∣∣∣ =∞
⇒ asymptota neexistuje.

Pro x→ −∞

k2 = lim
x→−∞

f(x)

x
= lim

x→−∞

(x2 − 1)2/3

x
=

=

∣∣∣∣ ∞−∞ , ale zde vyhrává vyšš́ı mocnina (nahoře je nejvyšš́ı x4/3)

∣∣∣∣ = −∞

⇒ asymptota neexistuje.

8. náčrt funkce:

0 1-1
√
3−

√
3

1
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C. Vyšetřete pr̊uběh funkce f(x) = x2 + 1
x2

1. definičńı obor: D(f) = R− {0}

2. nulové body: f(x) = 0⇔ x4+1
x2 = 0⇔ x4 + 1 = 0⇒ nemá řešeńı v reálném oboru.

3. znaménka funkce:

0

f(1) = 1 + 1 > 0
f(−1) = 1 + 1 > 0

4. stacionárńı body, rostoućı/klesaj́ıćı:

f ′(x) = 2x− 2

x3
=

2x4 − 2

x3
.

D(f ′) = R− {0}
f ′(x) = 0⇔ 2x4 − 2 = 0⇔ x4 = 1⇔ x = ±1
⇒ stacionárńı body jsou x = ±1

-1 1

f ′(2) = +/+ > 0
f ′(1/2) = −/+ < 0
f ′(−1/2) = −/− > 0
f ′(−2) = +/− < 00

5. konvexńı/konkávńı, inflexńı body:

f ′′(x) =
8x3 · x3 − (2x4 − 2) · 3x2

x6
=

2x4 + 6

x4

D(f ′′) = R− {0}
f ′′(x) = 0⇔ 2x4 + 6 = 0⇔ x4 = −3⇒ nemá řešeńı v reálném oboru.

0

f ′′(1) = +/+ > 0
f ′′(−1) = +/+ > 0

Funkce nemá inflexńı body.

Typy extrémů můžeme ověřit pomoćı dosazeńı stacionárńıch bod̊u:
f ′′(1) > 0⇒ x = 1 je lokálńı minimum,
f ′′(−1) > 0 ⇒ x = −1 je lokálńı minimum. Dopoč́ıtáńım funkčńıch hodnot máme lokálńı
minima v bodech [1, 2], [−1, 2].

6. asymptoty bez směrnice: Asymptoty hledáme v bodě x = 0.

lim
x→0+

f(x) = lim
x→0+

x2 +
1

x2
= |0 +∞| =∞.

lim
x→0−

f(x) = lim
x→0−

x2 +
1

x2
= |0 +∞| =∞.

Tedy funkce má v bodě x = 0 asymptotu bez směrnice.
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7. asymptoty se směrnićı: Hledáme asymptoty y = kix + qi, i = 1, 2.
Pro x→∞

k1 = lim
x→∞

f(x)

x
= lim

x→∞
x +

1

x3
= |∞+ 0| = ∞ ⇒ asymptota neexistuje.

Pro x→ −∞

k2 = lim
x→−∞

f(x)

x
= lim

x→−∞
x +

1

x3
= |−∞+ 0| = −∞ ⇒ asymptota neexistuje.

8. náčrt funkce:

0 1-1

2
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D. Vyšetřete pr̊uběh funkce f(x) = (x− 4) 3
√
x

1. definičńı obor: D(f) = R

2. nulové body: f(x) = 0⇔ (x− 4) 3
√
x = 0⇔ x = 4 nebo x = 0.

3. znaménka funkce:

0 4

f(27) = 23 · 3 > 0
f(1) = −3 · 1 < 0
f(−1) = −5 · (−1) > 0

4. stacionárńı body, rostoućı/klesaj́ıćı:

f ′(x) = 3
√
x + (x− 4)

1

3
x−2/3 = x−2/3

[
x +

x− 4

3

]
=

4x− 4

3x2/3
.

D(f ′) = R− {0}
f ′(x) = 0⇔ 4x− 4 = 0⇔ x = 1
⇒ stacionárńı bod je x = 1

1

f ′(2) = +/+ > 0
f ′(1/2) = −/+ < 0
f ′(−1) = −/+ < 00

5. konvexńı/konkávńı, inflexńı body:

f ′′(x) =
4 · 3x2/3 − (4x− 4) · 3 · 23x−1/3

9x4/3
=

x−1/3 [12x− (4x− 4) · 2]

9x4/3
=

4x + 8

9x5/3
.

D(f ′′) = R− {0}
f ′′(x) = 0⇔ 4x + 8 = 0⇔ x = −2.

-2 0

f ′′(1) = +/+ > 0
f ′′(−1) = +/− < 0
f ′′(−3) = −/− > 0

Inflexńı bod je x = −2.

Typy extrémů můžeme ověřit pomoćı dosazeńı stacionárńıch bod̊u:
f ′′(1) > 0⇒ x = 1 je lokálńı minimum.
Dopoč́ıtáńım funkčńıch hodnot máme lokálńı minimum v bodě [1,−3].

6. asymptoty bez směrnice: Vzhledem k D(f) nejsou žádné asymptoty bez směrnice.
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7. asymptoty se směrnićı: Hledáme asymptoty y = kix + qi, i = 1, 2.
Pro x→∞

k1 = lim
x→∞

f(x)

x
= lim

x→∞

(x− 4) 3
√
x

x
=

=
∣∣∣∞ ·∞∞ , ale nahoře je vyšš́ı mocnina

∣∣∣ =∞⇒ asymptota se směrnićı neexistuje

Pro x→∞

k2 = lim
x→−∞

f(x)

x
= lim

x→−∞

(x− 4) 3
√
x

x
=

=

∣∣∣∣−∞ · (−∞)

−∞ , ale nahoře je vyšš́ı mocnina

∣∣∣∣ = −∞⇒ asymptota se směrnićı neexistuje

8. náčrt funkce:

0 1 4-2

-3
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E. Vyšetřete pr̊uběh funkce f(x) = e−x
2

1. definičńı obor: D(f) = R

2. nulové body: f(x) = 0⇔ e−x
2

= 0⇔ nemá řešeńı.

3. znaménka funkce:

4. stacionárńı body, rostoućı/klesaj́ıćı:

f ′(x) = e−x
2
(−2x).

D(f ′) = R
f ′(x) = 0⇔ −2x = 0⇔ x = 0
⇒ stacionárńı bod je x = 0

f ′(1) = −2 · e−1 < 0
f ′(−1) = 2 · e−1 > 0

0

5. konvexńı/konkávńı, inflexńı body:

f ′′(x) = e−x
2
(−2x)2 + e−x

2
(−2) = e−x

2
(4x2 − 2).

D(f ′′) = R
f ′′(x) = 0⇔ 4x2 − 2 = 0⇔ x = ± 1√

2
.

1√
2

f ′′(1) = e−1 · 2 > 0
f ′′(0) = 1 · (−2) < 0
f ′′(−1) = e−1 · 2 > 0− 1√

2

Inflexńı body jsou x = ± 1√
2
.

Typy extrémů můžeme ověřit pomoćı dosazeńı stacionárńıch bod̊u:
f ′′(0) < 0⇒ x = 0 je lokálńı maximum.
Dopoč́ıtáńım funkčńıch hodnot máme lokálńı maximum v bodě [0, 1].

6. asymptoty bez směrnice: Vzhledem k D(f) nejsou žádné asymptoty bez směrnice.

7. asymptoty se směrnićı: Hledáme asymptoty y = kix + qi, i = 1, 2.
Pro x→∞

k1 = lim
x→∞

f(x)

x
= lim

x→∞

e−x
2

x
=

∣∣∣∣ 0

∞

∣∣∣∣ = lim
x→∞

1

x
e−x

2
= |0 · 0| = 0.

q1 = lim
x→∞

(f(x)− k1x) = lim
x→∞

e−x
2 − 0 · x = |0| = 0.
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Pro x→∞ má funkce asymptotu y = 0.

Pro x→ −∞

k2 = lim
x→−∞

f(x)

x
= lim

x→−∞

e−x
2

x
=

∣∣∣∣ 0

−∞

∣∣∣∣ = lim
x→−∞

1

x
e−x

2
= |0 · 0| = 0.

q2 = lim
x→−∞

(f(x)− k2x) = lim
x→−∞

e−x
2 − 0 · x = |0| = 0.

Pro x→ −∞ má funkce asymptotu y = 0.

8. náčrt funkce:

0 1√
2

1

− 1√
2
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F. Vyšetřete pr̊uběh funkce f(x) = x
lnx

1. definičńı obor: D(f) = (0,∞)− {1}

2. nulové body: f(x) = 0 nemá řešeńı, protože x = 0 6∈ D(f).

3. znaménka funkce:

0 1

f(1/2) = +
− < 0

f(3) = +
+ > 0

4. stacionárńı body, rostoućı/klesaj́ıćı:

f ′(x) =
lnx− x · 1x

ln2 x
=

lnx− 1

ln2 x
.

D(f ′) = (0,∞)− {1}
f ′(x) = 0⇔ lnx− 1 = 0⇔ lnx = 1⇔ x = e
⇒ stacionárńı bod je x = e

f ′(e2) = +
+ > 0

f ′(2) = −
+ < 0

f ′(e−1) = −
+ < 00 1 e

5. konvexńı/konkávńı, inflexńı body:

f ′′(x) =
1
x ln2 x− (lnx− 1)2 lnx · 1x

ln4 x
=
− lnx + 2

x ln3 x
.

D(f ′′) = (0,∞)− {1}
f ′′(x) = 0⇔ − lnx + 2 = 0⇔ lnx = 2⇔ x = e2.

1 e2

f ′′(e3) = −/+ < 0
f ′′(e3/2) = +/+ > 0
f ′′(e−1) = +/− < 00

Inflexńı bod je x = e2.

Typy extrémů můžeme ověřit pomoćı dosazeńı stacionárńıch bod̊u:
f ′′(e) > 0⇒ x = e je lokálńı minimum.
Dopoč́ıtáńım funkčńıch hodnot máme lokálńı minimum v bodě [e, e].

6. asymptoty bez směrnice: Asymptoty hledáme v bodech x = 0 a x = 1.

lim
x→0+

f(x) = lim
x→0+

x

lnx
=

∣∣∣∣ 0

−∞

∣∣∣∣ = lim
x→0+

1

lnx
x = |0 · 0| = 0

⇒ v tomto bodě neńı asymptota bez směrnice
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Dále

lim
x→1+

f(x) = lim
x→1+

x

lnx
=

∣∣∣∣ 1

0+

∣∣∣∣ =∞.

lim
x→1−

f(x) = lim
x→1−

x

lnx
=

∣∣∣∣ 1

0−

∣∣∣∣ = −∞.

⇒ v bodě x = 1 je asymptota bez směrnice.

7. asymptoty se směrnićı: Hledáme asymptotu y = kx + q pro x→∞.

k = lim
x→∞

f(x)

x
= lim

x→∞

1

lnx
=

∣∣∣∣ 1

∞

∣∣∣∣ = 0.

q = lim
x→∞

(f(x)− kx) = lim
x→∞

x

lnx
=
∣∣∣∞∞ ∣∣∣ = lim

x→∞

1
1
x

= lim
x→∞

x =∞.

Funkce nemá asymptotu se směrnićı.

8. náčrt funkce:

0 e1

e

e2
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